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Abstract
In a circular collider the motion of particles of one beam is strongly perturbed at the interaction
points by the electro-magnetic ﬁeld associated with the counter-rotating beam. For any two
arbitrary initial particle distributions the time evolution of the two beams can be known by
solving the coupled system of two Vlasov equations. This collective description is mandatory
when the two beams have similar strengths, as in the case of LEP or LHC. The coherent modes
excited by this beam-beam interaction can be a strong limitation for the operation of LHC.
In this work, the coupled Vlasov equations of two colliding ﬂat beams are solved nu-
merically using a ﬁnite diﬀerence scheme. The results suggest that, for the collision of beams
with equal tunes, the tune shift between the σ- and π- coherent dipole mode depends on the
unperturbed tune q because of the deformation that the so-called dynamic beta eﬀect induces
on the beam distribution. Only when the unperturbed tune q → 0.25 this tune shift is equal
to Y × ξ, with Y the Yokoya factor as predicted from the linearized Vlasov theory. Colliding
beams with unequal tunes brings the tunes of the dipole modes back into the continuum, but it
also generates a ﬂip-ﬂop asymmetry in the transverse beam size. It will be shown how coherent
resonances can excite the amplitude of the coherent modes and induce variations in the beam
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At the interaction point two colliding beams exert a force on each other which
is focusing for opposite charged particles, like for the two lepton beams in LEP, and
defocusing for equally charged particles, as for the two proton beams at the LHC. The
dynamics of both beams, including the beam-beam force, is described by a system of
coupled Vlasov equations.
Under some particular approximations one can study these equations, in an analyt-
ical way. For instance, it is predicted from the linearized Vlasov equation that, in the case
of one bunch per beam with initial Gaussian distribution and equal parameters (intensity,
beam size, betatron tune), two coherent modes of dipole oscillation appear: the σ-mode,
whose frequency (normalized to the revolution frequency) is equal to the unperturbed
betatron tune, and the π-mode with a tune shift of Y = 1.21 to 1.33 (depending on the
beam aspect ratio) times the beam-beam parameter ξ. This coeﬃcient Y is called Yokoya
factor and describes the change of the observable tunes caused by the distortion of the
beam distribution due to the beam-beam collision [1].
Multi-particle tracking studies using a Gaussian approximation of the distribution
with variable centroid and variance have conﬁrmed these predictions but with a slightly
smaller Yokoya factor [2]. The diﬀerence is due to the simplifying assumptions of the
tracking model, where the beam-beam forces are calculated assuming that the beams
have Gaussian shape.
In addition to the coherent modes, there is a continuum spectrum due to the inco-
herent oscillations of individual particles in each beam. For small beam-beam parameters,
the incoherent tune shift ranges from 0 to ξ for particles at large and small betatron am-
plitudes, respectively. Generally one can expect Landau damping to occur for a coherent
oscillation mode whose frequency lies inside this continuum band. Landau damping is lost
for the π-mode since it is out of the continuum.
The beam-beam interaction itself does not lead to instabilities unless the tune is
near a resonance, but the loss of Landau damping can result in an instability driven by
any small impedance component of the vacuum chamber. A possibility to restore Landau
damping is to choose for the two beams diﬀerent working points [3]. Multiparticle tracking
shows that if the colliding beams have unequal tunes the frequencies of the coherent modes
are brought back to the continuum and Landau damping is restored [2].
The strong-strong collision of two beams can also have eﬀects on their transverse
size. Studies of the Hamiltonian maps based on a linearized beam-beam force at the origin
for the case of two Gaussian beams colliding with equal tunes, show that we can expect a
dependence of the beam size on the tune. This eﬀect is called the dynamic beta eﬀect [4].
In the tracking studies it was found that the beam size dependence on the tune could be
ﬁtted by substituting ξ by ξ/2 in the standard expression for the dynamic beta as derived
for particles in the centre of the beam [2].
In order to ﬁnd a non perturbative solution for the general case we integrate numer-
ically the Vlasov equation using a ﬁnite diﬀerence scheme. The numerical integration of
the Vlasov equation of the beam allows us to verify analytical and tracking results as well
as to investigate new problems. As an example of the application of this technique, we
will treat here the collision of two beams, with Gaussian distribution and equal or unequal
tunes. In particular, we shall study the coherent modes of dipole oscillation (frequency of
oscillation, energy carried by them, existence or absence of Landau damping), the trans-
verse size dependence on the tune, the beam shape and the behaviour in the proximity of
a resonance. For simplicity, we will consider the horizontal oscillations of ﬂat beams (as
1
in the case of LEP), similar phenomena are expected to appear for round beams (as in
the case of LHC).
This work is organized as follows. In section 2 we introduce the beam-beam force
and the coupled Vlasov equations for two ﬂat beams in collision, in the general case
and in the case of Gaussian beams. In section 3 we check the unperturbed case, without
beam-beam collisions. In section 4 the collision of beams with equal tunes is described.
The results for beams with unequal tunes are presented in section 5. The ﬁnite diﬀerence
scheme used for the numerical integration is brieﬂy explained in the Appendix.
2 Vlasov equation for ﬂat colliding beams.
Let us discuss the horizontal oscillations of very ﬂat beams which is a special case
because it is reduced to a one-dimensional problem (similar studies can be done for vertical
oscillations as well as for round beams, but the system has higher dimensionality). We
assume that there is one bunch per beam and one interaction point and that the two
beams are equal in energy, population and optics. The equation of horizontal motion of
a particle in one bunch traversing a counter rotating bunch of normalized distribution










(σ∗x(x− x′))2 + (σ∗y(y − y′))2
dx′dy′ (2)
where x and px are the normalized variables deﬁned by x =
X√
xβx(s)












x(y)βx(y) the r.m.s. beam size at the collision point. Here
s is the length along the design orbit, X the ordinary horizontal coordinate, qx the un-
perturbed fractional tune, βx, αx the unperturbed Twiss parameters, x the unperturbed
emittance and δp(θ) is the periodic delta function with period 2π.





with N the number of particles per bunch, rp the clasical radius of the particle and
R = σ∗y/σ
∗
x. The beam-beam parameter ξ gives the maximum tune shift that the head-on
beam-beam interaction can induce in the motion of a single particle.
The integral in equation (2) is the horizontal beam-beam force experienced by a
particle at a position (x, y) when colliding with a counter rotating beam of distribution
ρ∗(x, y). If ρ∗(x, y) is Gaussian in the two planes with barycentres at (< x >∗, < y >∗)
and squared transverse sizes M∗xx =< (x− < x >)2 >∗, M∗yy =< (y− < y >)2 >∗ (of the
normalized variables), the beam-beam force can be expressed analytically [5]. If M∗xx >
M∗yy the expressions giving the horizontal and vertical beam-beam force experienced by a
particle at a position (x, y) are
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where W denotes the complex error function [6] (if M∗yy > M
∗
xx substitute x by y on both
sides of the equation).
In the limit of very ﬂat beams R = σ∗y/σ
∗









where p.v denotes Cauchy’s principal value and ρ∗(x; θ) is the distribution in horizontal




ψ∗(x, px; θ)dpx. (7)
In Fig. 1 we show the horizontal beam-beam force Fx(x) experienced by a test
particle located at x (in units of σ) that collides with a counter rotating beam of Gaus-
sian distribution ρ∗(x, y) in the limit of ﬂat Gaussian beams. This is calculated from
the analytical expression of Eq. (5) with M∗yy/M
∗
xx = 0.0001/1.0 for a centred beam






′ in a ﬁnite grid from x′ = −6 to x′ = +6 (in units of σ)
with ∆x′ = 0.15 and ρ∗(x) a one dimensional Gaussian distribution (centred at < x >= 0).
As expected they are in agreement. The advantage of using the integral expression is that
we can get the beam-beam force generated by any arbitrary distribution ρ∗(x, θ) at any





′. The beam-beam force as calculated
from Eq. (5) for the case of round Gaussian beams with M∗yy/M
∗
xx = 1/1 and centroid
(< x >∗, < y >∗) = (0, 0) has been included for comparison.
The Vlasov equations describing the time evolution of the phase space distribution


















Where ρ∗(x; θ) =
∫∞
−∞ ψ
∗(x, px; θ)dpx with ψ∗ the density of the opposite beam. In this
paper this system of two coupled Vlasov diﬀerential equations (8) is integrated using a
ﬁnite diﬀerence scheme on a two dimensional grid (x, px) with absorbing boundaries at
(±6,±6) and typical grid spacing ∆x,px = 0.15 (in units of σ).
3 Numerical integration of the Vlasov equation in the unperturbed case
Let us consider ﬁrst the unperturbed case (without the beam-beam collision) as
a benchmark problem to validate the numerical scheme (the scheme is explained in the











-10 -5 0 5 10
F x
x
numerical integration for flat beam
Fx flat beamFx round beam
Figure 1: Horizontal beam-beam force for ﬂat Gaussian beams: comparison between nu-
merical integration (+) and the analytical expression, and beam-beam force for round
beams as obtained from the analytical expression.
absence of the beam-beam interaction satisﬁes < x2 >=< p2x >= 1 and < xpx >= 0 and
the centroid of the beam follows the equation of a harmonic oscillator
d < x >
dθ
= qx < px > (9)
d < px >
dθ
= −qx < x > (10)
oscillating with frequency qx and constant amplitude.
We integrate the unperturbed case when the beam is oﬀ-centred with initial centroid
position (< x >,< px >) = (0.03, 0) (in units of σ) and obtain ψ(x, px; θ) at any time θ.




xψ(x, px; 2πn)dxdpx. (11)
Fig. 2-left shows the centroid position (< x(n) >,< px(n) >) in phase space at the inter-
action point for n = 240 consecutive turns, as found from the integration. The oscillation
amplitude is constant and equal to the initial oﬀset. For a tune qx = 0.32 the centroid
position at the interaction point is periodic every 25 turns. In Fig. 2-right we see the evolu-
tion, turn after turn, of two moments as found from the integration: the centroid position
< x(n) > and the emittance <x
2+p2x>(n)
2
. The results reproduce the expected behaviour.
4 Numerical integration of the Vlasov equation of two colliding beams
with equal tunes
4.1 σ- and π- dipole modes
Next we consider the collision of two ﬂat beams of opposite charged particles (like
in LEP) oscillating with equal betatron tune qx = 0.145 and ξx = 0.02 when one of the
beams is oﬀ-centred with initial centroid position (< x >,< px >) = (0.03, 0). Now we
have a system of two coupled Vlasov equations, each one describing the evolution of the



































Figure 2: Evolution of the ﬁrst order moments (< x(n) >,< px(n) >) (left) and emittance
and centroid position (right) at the interaction point for qx = 0.32 in the unperturbed
case.
We follow the centroid position < x(n) >j of both beams (j = 1, 2) over n turns.
The beam-beam interaction couples the two beams and excites coherent oscillations. In
particular we ﬁnd two dipole modes. One dipole mode has the frequency of the unper-
turbed tune qx and is called σ-mode. In this mode the centroids of the bunches oscillate in
phase with equal frequencies and amplitudes. The other mode has a higher frequency (in
the case of collision of beams with opposite charged particles) and it is called π-mode. In
this mode the centroids oscillate also with equal frequencies and amplitudes but in oppo-
site phase. Therefore if we subtract the position of the two beams the σ-mode component
cancels out and only the π-mode frequency remains. Equivalently, adding the position
of the two beams the π-mode component cancels out and only the σ-mode frequency
remains. The sum and the diﬀerence signal as a function of turn are shown in Fig. 3. If
we Fourier analyse these signals we obtain the frequency of each mode, see Fig. 4-left.
The σ-mode oscillates with the unperturbed tune qx. The tune shift of the π-mode with
respect to the unperturbed tune is given by Y × ξx with Y the tune shift factor for the
horizontal oscillation of ﬂat beams. The value predicted from the linearized Vlasov theory
by Yokoya is Y=1.33 [1]. For this tune we ﬁnd a tune shift factor of Y=1.3, these two
lines are shown in Fig. 4-left.
The analytical calculation of the tune shift factor does not include the dynamic beta
eﬀect (see section 4.2). The beam-beam interaction introduces an additional focusing and
a variation of the beam size that depends on the unperturbed tune q and on the beam-
beam parameter ξ. This eﬀect vanishes as the working point gets close to q = 0.25. When
solving a case where the two beams have a tune q(1)x = q
(2)
x = 0.26 and ξ = 0.02 the
Yokoya factor is indeed found to be Y=1.33, see Fig. 4-right. We can conclude that the
tune shift between the two coherent dipole modes depends on the beam-beam parameter
ξ and on the tune q. For ﬂat beams and without dynamic beta the tune shift is equal to
1.33× ξ.
These two modes have indeed been detected in colliding beams, as in the spectra





























Figure 3: For the collision of two ﬂat beams with ξ = 0.02 and qx = 0.145 sum, < x(n) >1
+ < x(n) >2 (bigger amplitude oscillation) and diﬀerence < x(n) >1 − < x(n) >2
(smaller amplitude oscillation) signals of the beams centroid position (plotted every 7
turns) for an initial horizontal oﬀset of one beam by 0.03.
beam position monitor at LEP (measured on 19/10/99 at 22 GeV with I=80-100 µA per
bunch). These data were recorded from two ﬂat beams of leptons with opposite charged
particles (e+/e−) and equal strengths, operated at q = 0.28 and colliding at two interaction
points. The σ-mode can be seen in both spectra at the unperturbed tune q = 0.28 and
the tune shift of the π-mode with respect to the unperturbed tune should be 1.33 times
twice the beam-beam parameter (because of the two interaction points). For operation of
LEP this modes are killed by increasing the chromaticity to restore Landau damping. For
LHC, the relative energy spread (rms) of the beam at collision is about σδ = 0.1× 10−3
and therefore the chromaticity required to increase the incoherent tune spread to cover




0.1×10−3 ≈ 12.4 units (for 2 IPs). LHC operation requires however Q′ between
1 and 2 since larger chromaticities would have unwanted side eﬀects. In the next section
we will see that a possible way to restore Landau damping is to decouple the oscillations
of the two beams by separating their tunes.
The beam response to a kick has also been studied using the Vlasov equation for
the case of round beams [7]. After a horizontal kick of magnitude d (in units of σx) the
horizontal emittances x =< x










(0.5 + 0.32 + 0.18). (12)
The ﬁrst term in the brackets describes the fraction of energy carried by the σ-mode, the
second represents the energy of the π-mode, and the last is the fraction which is imparted
on the continuum leading to an irreversible emittance growth. For round beams this has
been conﬁrmed by multiparticle tracking [2].
Similar results are found in our simulation for ﬂat beams, see Fig. 3. The σ mode





























Figure 4: Spectrum of the sum and diﬀerence of the beam barycentre positions oscillating
with the σ- and π-mode frequency, respectively, where w = (ν − qx)/ξx, for the collision
of two ﬂat beams with ξ = 0.02 and qx = 0.145 (left) or qx = 0.26 (right). The tune shift
factor is coincident with the predicted Yokoya factor Y = 1.33 for tunes close to q = 0.25
where the dynamic beta has no eﬀect.
carrying an energy A2×0.5. The π-mode with amplitude B carries an energy B2×0.5. The
amplitude B of the π-mode is originally also d but this amplitude is partially transfered
to the continuum. For round beams the expected amplitude was B = d×
√
0.32/0.5 which
for d = 0.03 is B = 0.024. Whereas here it is found, for ﬂat beams, an amplitude of the
order of B = 0.015. The expected irreversible emittance growth is very small for d = 0.03.
4.2 Dynamic beta
It is known that the beam-beam interaction introduces an additional focusing or
defocusing that, for a given ξx, induces a beam size dependence on the unperturbed
tune qx. This is called dynamic beta eﬀect and is the simplest phenomenon in the strong-
strong picture including static distortions.
This eﬀect is usually analysed by modelling the beam-beam interaction as a linear
defocusing lens which alters the β seen by the particle [4]. Assuming a linearized beam-
beam force the perturbed steady-state remains Gaussian, and only the rms beam size
changes. In linear approximation, the single-turn map experienced by a particle near the
centre of the counter-rotating beam is
(
cos (2πQ) β sin (2πQ)
− 1
β









 cos (2πQˆ) βˆ sin (2πQˆ)− 1
βˆ
sin (2πQˆ) cos (2πQˆ)

 , (13)




that the perturbed sizes scale with the perturbed beta-functions as σ2/σ20 = βˆ/β, since
we assume that the beam emittances are unchanged by the beam-beam interaction. The
new beta function, βˆ, and the equilibrium rms beam size, can be found self-consistently
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Figure 5: Measured horizontal spectra of barycentre oscillations (in arbitrary units) for
the electron (left) and positron (right) beam at LEP, for the collision at two interaction
points of two ﬂat beams operated at q = 0.28. The spectra of both beams show the
coherent dipole modes, σ and π (courtesy of G. Morpurgo).
To obtain this expression we have linearized the beam-beam force at the origin, this
is the force seen by particles in the core. But particles with larger oscillation amplitudes
experience a smaller force so one can expect this approximation to be wrong. In the
tracking simulations it was observed that the size dependence on the tune could be ﬁtted
by replacing ξ0 by ξ0/2 in the standard dynamic beta equation [4]. This can be understood
intuitively since integrating the beam-beam force over the Gaussian distribution, the
eﬀective beam-beam force is one half of that experienced by a single particle near the










+ πξ0 cot (2πQ). (14)
Our numerical integration of the Vlasov equation conﬁrms this result. In Fig. 6-left we
show an example of the size evolution for a tune of qx = 0.145 and ξ = 0.02 as obtained
from the Vlasov equation. Following the dynamic beta model, the beam size should scale
like σ2/σ20 = βˆ/β. From Eq. (14) we expect the size to change from the original value
< x2(0) >= 1 to 0.956. In Fig. 6-right we see the dynamic beta function of Eq. (14)
evaluated for ξx = 0.02, this agrees with the results obtained from integration of the
Vlasov equation (as long as the working points are set far from resonances).
4.3 Beam proﬁles
Having the discrete approximation of the density of the colliding beams ψj(x, px; 2πn),
j = 1, 2 we can obtain the beam proﬁle of either beam ρ(x)j =
∫+∞
−∞ ψ(x, px; 2πn)dpx at
any time. As an example we see in Fig. 7 the beam proﬁle of j = 1 and j = 2 at turn
n = 16400 when the initial oﬀset of beam 1 was d = 0.03 (in units of σ), the tune is
q = 0.145 and ξx = 0.02. For such a small initial oﬀset the oscillations of the beam are































Figure 6: Left: Beam size evolution for a tune of qx = 0.145 and ξ = 0.02 as obtained
from the Vlasov equation and comparison with the dynamic beta value for the same qx


















Figure 7: View of the beam proﬁle of two ﬂat colliding beams ρ(x)j =
∫+∞
−∞ ψ(x, px; 2πn)dpx
for j = 1, 2 for small oscillating amplitudes (d = 0.03), q = 0.145 and ξx = 0.02 at
n = 16400. The beam shapes remain almost Gaussian.
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4.4 Coherent Resonances
Our system consists of two beams which are coupled by the beam-beam interaction.
Although the working point can be adequate for the stability of a single beam, the coupled
system can be unstable. Not only we have to avoid resonances exciting incoherent motion
of single particles and the coherent modes of one beam (dipolar, quadrupolar, sextupolar,
etc), but also the ones exciting the coupled coherent modes (for example dipolar in one
beam plus quadrupolar in the other, etc). This type of resonances have been studied by
multiparticle tracking in [9].
We need a parameter to measure the proximity of the coupled coherent mode to the
resonance. Let Qa be the frequency of a single beam coherent mode, and Qb the frequency
of a coherent mode in the other beam, then we deﬁne ∆ as the distance to the resonance
of order m (m = 1, 2, 3..) in units of ξ, ∆ = n−(Qa+Qb)−m|ξ| where n is an integer number. For
each resonance a stopband can be calculated. Within this stopband the coupled coherent
mode Qa +Qb will be excited. For ξ = 0.02 and qx = 0.24 the initial condition is close to
a coherent resonance of order m = 4 with ∆x =
1−(2q(1)x +2q(2)x )





can be the frequency of the mode resulting from the coupling of two quadrupole modes
or, equivalently, 2(q(1)x + q
(2)
x ) can be twice the frequency of the mode resulting from
the coupling of two dipole modes. It was empirically found that the stopbands of these
coherent resonances typically lie between ∆x = 0.2 and ∆x = 0.8 [9]. Our initial condition
is in the unstable area and the coherent quadrupole and dipole modes get excited.
The frequency of the quadrupole and higher order coherent modes lie within the
continuum and therefore Landau damping acts on these modes transferring any excitation
to the incoherent motion of single particles at the price of an emittance and size growth.
This is not the case for the dipole coherent modes. The σ-mode frequency is just on
the edge of the continuum and the π-mode is very far from it (approximately 0.33× ξ).
Therefore any excitation of these modes will not be Landau damped by the incoherent
motion of particles and the amplitude of barycentre oscillation will increase. If the source
of excitation is a resonance, the instability will stop only when the new beam-beam
parameter is such that ∆ is out of the coherent resonance stopband.
For the parameters chosen, and due to the excitation of the quadrupole modes, the
transverse beam size of both beams grows from 1 to 1.65, see Fig. 8-left. At this point, the
beam-beam parameter has decreased by the same factor and the new distance to the nth
order resonance is ∆x = 0.825 which is just out of the stopband of the coherent resonances.
The emittance of the beams increases simultaneously, see Fig. 8-centre. While the system
stays within the stopband of instability the dipole modes are excited. In particular the
amplitude of the π-mode oscillation increases from d = 0.03 (initial condition) to about
1.5, see Fig. 8-right. Once the excitation ceases the barycentre oscillates with a big, but
constant amplitude, and the transverse size of the beams oscillates in a period-n pattern.
See also the beam proﬁles in Fig. 9.
Since Landau damping cannot act on the coherent dipole modes the excitation of
these modes by a resonance or by an impedance can drive the beams to large amplitudes











































































Figure 8: Collision of two ﬂat beams with ξ = 0.02 and q(1)x = q
(2)
x = 0.24 when the
coherent modes get excited: Left: transverse size of the beams, with period-n oscillation.
Centre: total emittance with a very fast initial growth. Right: sum < x(n) >1 + < x(n) >2
and diﬀerence < x(n) >1 − < x(n) >2 of barycentre positions (every 5 turns), starting













































Figure 9: Collision of two ﬂat beams with ξ = 0.02 and q(1)x = q
(2)
x = 0.24, with an initial
beam oﬀset of d = 0.03: Beam proﬁles at 4 successive turns, when the beam is locked on
the boundary of the stopband of a 4th order resonance. This pattern is (almost) repeated
every 4 turns. Note the signiﬁcant deviation from the initial Gaussian distribution.
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5 Numerical integration of the Vlasov equation of two colliding beams
with unequal tunes
Operating the beams with two suﬃciently unequal tunes the single beam coherent
modes lie in the middle of the continuum and Landau damping is restored.
5.1 Damping of the coherent modes
Let us consider the collision of two ﬂat beams oscillating with unequal betatron tunes
q(1)x = 0.145 and q
(2)
x = 0.105 when ξx = 0.02. We will integrate the system of two coupled
Vlasov equations when the initial distributions are two Gaussians, one centred at the
origin and the other oﬀ-centred with initial centroid position (< x >,< px >) = (0.03, 0)
and study the transient behaviour in the ﬁrst 16000 turns.
We follow the centroid position < x(n) >j of both beams (j = 1, 2) over n turns.
Again the beam-beam interaction couples the two beams and excites coherent oscillations.
But the frequencies of the dipole modes are now diﬀerent and they are within the inco-
herent spectrum of oscillations of individual particles in either beam. Particles in beam 1
oscillate with frequencies from q(1)x = 0.145 to q
(1)
x + ξx = 0.165. Particles in beam 2 oscil-
late with frequencies from q(2)x = 0.105 to q
(2)
x + ξx = 0.125. The sum and the diﬀerence
signal of the beam centroid position as a function of turn are shown in Fig. 10-left. If we
Fourier analyse these signals we obtain the frequency of each mode, see Fig. 10-right. The
σ-mode oscillates with a frequency that is close to the right boundary of the frequency
range of individual particles in beam 2 and the π-mode frequency is in the middle of
the frequency range of individual particles in beam 1. The ﬁrst mode is damped slowly
during our integration time of 15000 turns, whereas the second mode is damped very fast,
see 10-left. This can also be seen in the Fourier analysis of these signals shown in Fig.
10-right.
As it has been shown in the multiparticle tracking simulations [2], after a larger
number of turns, both coherent dipole modes will be damped and each bunch will oscillate
independently. This is the ideal situation for operation.
5.2 Transverse beam size
In the case of two colliding beams with unequal tunes, we ﬁnd that the equilibrium
distributions remain Gaussian but with very diﬀerent sizes, see Fig. 11. This is an ex-
ample of a ﬂip-ﬂop situation, the asymmetry being introduced by the diﬀerent tunes and
correspondingly the diﬀerent dynamic beta-like eﬀect. Initially the two beams perform
coherent dipole oscillations, but these modes are damped and ﬁnally the two equilibrium
distributions will have no coherent oscillation but unequal sizes 1). The asymmetry in the
beam sizes is a strong drawback for the collision with unequal tunes, since for operation
equal beam sizes are required. One can expect, however, this asymmetry to be smaller for
lower ξ (for LHC ξ = 0.0034).
1) Notice that the diﬀerence in size is not due to the damping of the initial dipole oscillation of amplitude
d = 0.03 by one of the beams. This would induce at most an emittance and size increment of d2 ≈










































Figure 10: Collision of two ﬂat beams with ξ = 0.02 and unequal tunes q(1)x = 0.145
and q(2)x = 0.105: Left, sum < x(n) >1 + < x(n) >2 (bigger amplitude oscillation) and
diﬀerence < x(n) >1 − < x(n) >2 (smaller amplitude oscillation) of the beam centroid
positions (every 7 turns). Right: spectrum of the sum and diﬀerence signals oscillating
with the σ-mode and π-mode frequency, respectively, as a function of the tune qx. Particles
in beam 2 oscillate with frequencies from q(2)x = 0.105 to q
(2)
x + ξx = 0.125. Particles in
beam 1 oscillate with frequencies from q(1)x = 0.145 to q
(1)
x +ξx = 0.165. The coherent mode
frequencies are in the middle of either one of these frequency ranges. After a suﬃciently














































Figure 11: Collision of two ﬂat beams with ξ = 0.02 and q(1)x = 0.145 and q
(2)
x = 0.105:
Left, transverse size evolution for each beam. Right: Proﬁle of each beam. Both beams




Coherent resonances can still be excited when the tunes of the beams are unequal. As
an example here it is shown the collision of two ﬂat beams operated with q(1)x = 0.145 and
q(2)x = 0.05 when ξx = 0.02. Notice that the proximity of a resonance excites the coherent
dipole modes that had been damped by Landau damping. The growth rate (in units of
turns and ξ) of the oscillation amplitude A being typically Rg = [logA(∆t)/A(0)]/∆t/ξ ≈
0.05/turns/ξ, see Fig. 12-left. The instability growth rate competes with Landau damping
that transfers this energy to the incoherent oscillation of individual particles leading to a
strong emittance growth, see Fig. 12-right, and a strong transverse size growth, see Fig.
13-left. Simultaneously we observe a deformation of the beam shape, being non Gaussian
with non-smooth tails, see Fig. 13-right.





−(5ξ0/<x2>2+3ξ0/<x2>1) , where < x
2 > is the trans-
verse size of the beam at a given time. Initially both beams have < x2 >= 1 and
ξ = ξ0, then the ﬂip-ﬂop eﬀect induces a quick variation of the size: < x
2 >1= 1.6
and < x2 >2= 0.6 and consequently of the ξi seen by each beam. For these parameters
∆ ≈ 0.66 and the octupolar resonance is excited. Landau damping transfers this exci-
tation to the continuum, the emittance and the transverse size grow. For the ﬁnal sizes
< x2 >1= 3.3 and < x
2 >2= 0.7 the new distance is ∆ ≈ 0.77, which is still inside the
resonance but closer to the stability area. As the system gets closer to the boundary of
stability the emittance growth rate decreases. Ideally, for distances greater that ∆ ≈ 0.8
the excitation will cease and the barycentre oscillations will be damped. The sizes of the
beam will be very diﬀerent and vary in a period-n oscillation.
This situation can be avoided by choosing adequate working points. A study of
















































Figure 12: Vollision of two ﬂat beams with ξ = 0.02 and unequal tunes q(1)x = 0.145
and q(1)x = 0.05: Left, sum < x(n) >1 + < x(n) >2 (bigger amplitude oscillation) and
diﬀerence < x(n) >1 − < x(n) >2 (smaller amplitude oscillation) of the beam centroid
positions (every 7 turns). Right: evolution of the emittance of each beams when the system








































Figure 13: Collision of two ﬂat beams with ξ = 0.02 and unequal tunes q(1)x = 0.145 and
q(1)x = 0.05: Left, transverse size evolution for each beam. Right: Proﬁle of each beam at
a turn when the system is still inside the stopband of an octupolar coherent resonance.
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6 Conclusions
A ﬁnite diﬀerence scheme has been successfully implemented to integrate the system
of two coupled Vlasov equations, solve the strong-strong collision of two ﬂat beams and
study their coherent modes. Similar phenomena are expected to appear for round beams.
The results suggest that, for the collision of beams with equal tunes, the tune
shift between the σ- and π- coherent dipole mode depends on the unperturbed tune of
the system q due to the deformation induced by the dynamic beta eﬀect on the beam
distribution. Only when the unperturbed tune q → 0.25 this tune shift is equal to Y × ξ
with Y the Yokoya factor as predicted from the linearized Vlasov theory. Colliding beams
with unequal tunes brings the tunes of the dipole modes back into the continuum, but
it also generates a ﬂip-ﬂop asymmetry in the transverse beam size. This asymmetry is
expected to scale with ξ. It has also been shown that coherent resonances can excite
the amplitude of the coherent modes and induce size variations (size growth, period-n
oscillations) as well as signiﬁcant deformations of the distribution. For a given working
point there is always a beam-beam parameter ξ above which these eﬀects can be observed.
For a given ξ, and in order to avoid the excitation of coherent resonances, one should choose
two diﬀerent working points that are safe with respect to all the coherent resonances. The
method presented here is an appropriate tool to test chosen pairs of working points for
any transverse distribution and beam-beam parameter.
Further work should be done to extend this scheme to round beams, as in the case
of the LHC, with two coupled Vlasov equations in a four dimensional phase space.
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Appendix A: Finite Diﬀerence Scheme









withA(x; θ) = −4πξxp.v ∫ +∞−∞ ρ∗(x′,θ)x−x′ dx′,B(px) = 0 at the interaction point andA(x) = −qxx,
B(px) = +qxpx elsewhere.
We will use an alternating direction, explicit, ﬁnite diﬀerence scheme. In the alter-
nating direction technique one splits the integration into two fractional integrations: each
one considering only one of the partial derivatives ∂/∂x or ∂/∂px. In each substep we
integrate a Vlasov equation of the type
∂ψ(x, px; θ)
∂θ





= −B(px)∂ψ(x, px; θ)
∂x
(A.3)
and update the density.
If Uni,j is the discretization at time θ = n∆t of the density ψ(x, px; θ), each integration
step is done using the Lax-Wendroﬀ scheme which is of second order accuracy [10]. The


















(Uni+1 − 2Uni + Uni−1)(A.4)
and equivalently in the other dimension. Here ∆t is the time step and ∆x, ∆px the













which is nothing but a condition on the speed of propagation of information along the
grid. If at any time a process has a very fast speed (like in the case of the instabilities
generated by the resonances) this might create problems for the scheme.
This type of scheme introduces artiﬁcial diﬀusion, so that one has to introduce arti-
ﬁcial viscosity to compensate. The eﬀect of artiﬁcial viscosity is to cause short-wavelength
components of a solution to be attenuated as the calculation progresses. It can be shown









QU = − 1
6
A(x; θ)((∆px)












In order to obtain the solution to Eq. A.2 with accuracy of order (∆t)5, one has to add
−(∆tQU) to the update (A.4).
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